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The quantity g@(u) denotes the smallest number of klocks required to build a pairwise 
balanced esign on u points, given that the largest block has sixe L A well-known tiequality 
due to Stinson requires that we seek the existence of a certain class of resolvable designs. We 
develop a family of frames which can in turn be used to construct many examples if thee 
resolvable designs. 
1. Intmdactkm 
A pairwise balanced design (PBD) is a pair (X, B) where X is a set of elements 
called points and B is a collection of subsets of X called MOCK such that any two 
points occur together in a unique block. A problem whi& has interested many 
researchers in recent years is the following: what is the smallest number of blocks 
required to construct a PBD on tl points in which the largest block has size k? 
This quantity is denoted by g(‘)(v). The following lower bound on g(‘)(v) was 
given by St&on [8]: 
Tkwem 1.1. 
2rk-(v-k-l) . _I 
gCk)(v)~l+(v-k)- 
a. 
9+ 
r 
, wkm?r=i”~ . 
I 
Equality is achieved if and dy ti eveq block intersects the block of size k and 
hassizer+Iort+2. 
By removmg the block of size k and all of its points it can be seen that the 
existence of designs achieving the bound of Theorem 1.1 is equiv 
existen= of pair-wise balanced designs on v - k points in which every block has 
size I or r d- 1 aud in which the blocks can be resolved into k parallel classes. 
(A parallel chs of blocks in a PBD is a disjoint set of blocks that covers the 
points.) Such designs are called re&cted resolvdde designs and are denoted 
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R,RP(v - k, k). Thus, fos example, an RIRP(v - k, k) is simply a proper k-edge 
colouring of the complete graph K,,-Rr and so exists precisely when either 
k~v-k,ork=v-k-landkisodd. 
The problem of constructing R,RP(p, k) when I > I is a much more difficult 
one. We will be herein concerned with the case r = 2, although the ideas 
developed here can be applied to any value of r. 
We begin with a review of some well-known concepts. A group divisible design 
(GDD) is a triple (X, 6, B) where X is a set of points, G is a partition of X into 
subsets (called groups) and I3 is a collection of subsets of X (called blocks) so that 
(i) for each block I& and each group C;;, I& n Gi( s 1, and 
(ii) any pair of points from distinct groups occurs together in exactly one block. 
Let K be a set of positive integers. A K-GDD of type g?& 0 l l g! is a GDD in 
which eaclr biwk has &e from K and in which there are ti groups of size gi, 
i=l , . . . , j. A K-jkame of type gqgg. . .gj is a K-GDD of type g>g& . .g] whose 
blocks can be patitioaed into ho/e? parallel classes; i.e. if X denotes the point set 
then each holey parallel dass is a partition of X - Gi for some group Gi. The 
groups of a frame are usually referred to as /roles. By the degree of a hole Gi we 
will mean the number of holey parallel classes that partition X - Gi. 
Frames can be constructed from group divisible designs by means of the 
following simple construction. For ease of expression we will temporarily adopt 
an alternate notation: a GDD of type g?&. . l gf can be written GDD of type S, 
where S is the multiset consisting of i, cqies of gi, i y= 1, . . . , f. 
‘I 4.4 
Constructions :.I. Let (X, G, 8) be a GDD, and let w :X+ Z+ U (0) and 
d :X+ 2” U (0) (w is called’ a weighting and d a degree function). Suppose that 
for each block Bi there is a K-frame of type {w(x) :x E Bi} in which hole x has 
degree d(x). Then there is a K-frame of type (C,,ci w(x) : Gj E G} in which hole 
“j” has degree &q d(x). 
A resolvable PBD(K, m ; v) with a hole of size w and degree d is a triple 
(X, G, I3) where X is a set of v points, G is a distinguished subset of X (the hole) 
of size w, and B is a collection o’i’ subsets of X (blocks) so that 
(i) any pair of points occurs either in G or in a unique block, but not both; 
(ii) the block set I3 can be partitioned into m -I d classes B,, 4, . . . , B,, 
B m+l9 l .* 9 B,,,+d where for each i = 1, . . . 9 m Bi is a partition of X and for 
each~==m+l,..., m +- d Bi is a partition of X - G, and 
(iii) each block has size from .K. 
e are now ready 
designs from frzmes. 
to state the main recursive construction for resolvable 
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Construction 2.2. Let (X, 6, B) be a K-frame in which hole Gi has degree di, 
i=l F D . . , j. Suppose that for each i = 1, . . . , j - 1 there is a resolvable 
PBD(K, di; IGil +w) with a hole of size w and degree d, and that further there is 
a PBD on lGjl +w points, with block sizes from K, whose blocks can be resolved 
into d + di parallel classes. Then there is a PBD on w + C lGi1 points with block 
sizes from K whose blocks can be resolved into d + C di parallel classes. 
We can specialize Construction 2.2 to restricted resolvable designs. 
Construction 2.2A. Let (X, G, B) be an r, r + l-frame in which hole Gi has 
degree dip i = 1, . . . , j. Suppose that for each i = 1, . . . p j - 1 there is a 
resolvable PBD ({ r, r + l}, di; I Gi I + W) with a hoie of size w and degree d, and 
that there is an R,RP(JG,I +w, di + d). I’%rr &xe is an RJ?P(w + C IGil, 
d + C dij. 
IRemarL, In order that there exist a resolvable PBD( { r, r + 11, di; IGil +w) with 
a hole of size w >O and degree d it is clearly necessary that lGil/r s di s 
IGil/(r - 1); this in turn translates into a constraint on the degrees of the holes in 
frames suitable for Construction 2.2A. It turns out that we can guarantee that this 
constraint v=ill be met if we impose a ‘regularity’ condition on XT frames, as 
follows. 
Let (X, G, B) be a K-frame. For each Gi E G, let Ci be the collection of all 
blocks contained in holey parallel classes partitioning X - Gi; let H( Gi) be the 
graph whose vertices are the points of X - Gi, in which x and y are adjacent if 
and only if there is a block of Ci containing both of-them. If for each Gi E G the 
graph H(Gj) is a regular graph we will say that the frame is rep&w. ‘I%as for 
example any k-frame is clearly regular. The following result is equivalent to 
Theorem 1.1 of [IO]. 
Lerur~ 2.3. Let (X, G, B) be a k-pame. Then for each Gi in G, H(Gi) is 
I Gi I -regular. 
K-frames are not in general regular. A suitable modification of the proof of 
theorem 1.2 of 191, however, yields the following result. 
Lemma 2.4. Let (X, G, B) be a regular K-fr;ame. Then for each Gi in 6, H(Gi j iv 
I Gi I-regular. 
Let H(Gi) be di-regular. Counting the pairs covered by the blocks (in B) 
in two different ways we have 
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so that 
GTG (IA - El) Cdi - IGil) = Q- (2 1) . 
i 
Now, if x E Gi then the 1X( - ]Gi] pairs containing x are covered by the graphs 
Ui+i H(GJ; that is, if we let d = & d’ then we have 
IX]- IGil = d - die (2 2) . 
Substituting equation (2.2) into equation (2.1) we obtain 
GTG (WI - IGD (d - 1x1) =O, 
‘ 
which implies that d = 1x1. From equation (2.2) this gives di = IGil, and the proof 
is complete. El 
As an immediate consequence of Lemma 2.4 we get the following result. 
2.5. Let (X, G, B) be a regz&r {r, I + l}-fif~~~. Then hoie Gi has 
dkme dip where IGillr 6 di s lGil/(r - 1). 
In this section we develop aclass of (regular) 2,3-frames. Our main tool will be 
Construction 2.1, using a class of group divisible designs whose existence is a 
consequence of the following result. 
3.1 [Hanani, RayChaudhuri and Wilson [l]]= There e&r& a resolvable 
(v, 4,l)mBIBD if and only if v = 4 mod 12. 
32. Let t=lmod3,ta4 ati 
4,5-GDD of type 4%‘. 
0 s r s 4(t - 1)/3. Then there is a 
Adjoin a “group of bnunity” G, of size r to a resolvable (4t, 4, l)-B!BD. 
The number of parallel chzsses in this resolvable BIBD is (4t - 1)/3, which is 
greater than r. This means that some parallel class of blocks P in the BIBD will 
remain as a mutually disjoint set of blocks (of size 4) after adding G,. We now 
take P U (G=) as our set of groups. iZi 
must now develop some small 2,3=frames. Weaker forms of the following 
two lemmas have previously appeared, as Theorems 2.2 and 2.3 in [3]. 
There exk& a 2,3-fiame of 
degree di, 1. s i s 4. 
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of. Where all di = 3 take a 3-frame of type 64i which we can obtain as in [9]: 
start with the projective plane of order 3 and remove a point to obtain a 4-GDD 
of type 34. Now use Construction 2.1, Mhng in 3-frames of type 2j. We get the 
following design. 
& = {O, L&3,4,5} 
H* = (&,7,8,9,10,11} 
6,12,18 6, 14,23 6,16,21 
7, 13,19 7,15,22 7, 17,20 
8, 14,21 8, 16,19 8,13,22 
9 , 25,x! 9,1?, 18 9, 12,23 
IO, 16,23 l&13,20 l&14, I.9 
11,17,22 11,12,21 11,15,18 
0,12, 19 0,14,20 1,16,22 
1: 13,318 1, 15,21 0,17,23 
2,14,22 3, 16,18 3,12,20 
3,15,23 2,17,19 2,13,21 
5, 16,20 5,12,22 5,14, 18 
4,17,21 4,13,23 4,15,19 
0, 7,18 1, 8920 0, IO, 22 
1, 6,19 0, 9,21 1, 11,23 
H3 {12,13,14,15,16,17} 2, 11,20 3, 6,22 2, 8,18 = 
3, 10,21 2, 7,23 3, 9,19 
4, 9,22 4, 10, 18 4, 6,20 
5, 8,23 5, 11, 19 5, 7,21 
0, 6, 13 0, 8, 15 0, 11, 16 
1, 7, 12 1, 9, 14 1, 10, 17 
H4 {18,19,2@, 21,22,23) 2, 9, 16 2, 10, 12 2, 615 = 
3, 8,17 3,11, 13 3, 7, 14 
4,11,14 4, 7,16 4, 8,12 
5, 10,15 5, 6,17 5, 9,13 
(A) Consider now -the f!rst twa holey parallel classes with respect o Ifi. By 
breaking each triple in the second class into its constituent pairs and rearranging, 
we can replace these two holey parallel classes by the three classes 
6,12,ZS 8, i4,21 10,16,23 
7,13,19 9,15,2O 1’,,17,22 
14,23 16,19 13,20 
11,21 6,23 8,19 
9,17 11,12 6,14 
15,22 17,18 12,21 
10,20 7,22 9,18 
Q 1&i 0) LV 10,13 7,15 
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In sin&tr fashion the first two holey parallel classes corresponding to each of 
Hz, &, & can be so decomposed: 
H* O,l2, x9 2, 14,22 5, 16,20 
1,13,18 3,15,23 4,17,21 
14,20 17,19 12,22 
522 a,20 3,1g 
2,17 $12 0,14 
IS, 21 1618 13,23 
4,23 1,21 2,19 
3,16 4,13 1,?5 
H3 0, 7,18 
1, 6,19 
9,21 
2,23 
4,lO 
8,20 
3,22 
5,ll 
2,11,20 4, 9,22 
3,10,21 5, 8,23 
7,23 10,lB 
5,19 0,21 
1, 8 3, 6 
6,22 11,19 
4,18 1,2O 
0, 9 2, 7 
H4 0, 6,13 2: 9,16 4,li, 14 
1, 7,12 3, 8,17 5,10,15 
8,lS 10,12 7,16 
5,17 1,14 3,13 
3,11 4, 7 1, 9 
9,14 11,13 6,17 
4,16 0,15 2,12 
2,lO 5, 6 0, 8 
(B) Consider again the first two holey parallel classes with respect o HI in the 
otiginal Mame. By breaking each triple in both classes into its constituent pairs 
and rearranging we can replace these two holey parallel classes by the four classes 
(i) 12,18 11,21 9,17 16,23 6,14 8,19 15,20 7,22 lo,13 
(ii) 13,19 lo,20 8,16 14,21 6,23 11,12 17,22 9,18 7,15 
(iii) 14,23 8,21 lo,16 1 7,18 6,12 11,22 13,20 7,19 9,15 
(iv) 16,19 lo,23 7,13 15,22 9,20 11,17 12,21 6,18 8,14 
In similar fashion the first two holey parallel of each of If& & H4 can be so 
decomp-eA* UJWU. 
H2 
(i) 12,19 5,22 2,17 16,20 0,14 3,18 15,23 I,21 4,13 
(ii) 13,18 4,23 3,16 14,22 0,20 5,12 17,21 2,19 1,lS 
(iii) 14,20 2,22 $16 13,23 1,18 3,lS 17,19 4,21 0,12 
(iv) 15,21 $23 4,17 I&l8 S,29 1,13 12,22 0,19 2,14 
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(i) 0,7 9,21 2,23 5, 8 1-l,@ 1,20 3,lO 6,22 4,18 
(ii) 1,6 8,20 3,22 2,ll 7,23 519 4, 3 lo,18 0,21 
(iii) 1,8 6,19 $23 2, 7 11,20 0,18 4,10 9,22 3,21 
(iv) 0,9 7,18 4,22 3, 6 lo,21 1,14 S2 il 823 2,20 
H4 
(i) 0,6 8,15 5, i7 2, 9 lo,12 1,14 4,11 7,16 3,13 
(ii) 1,7 9,14 4,16 3, 8 11,13 0,15 5,lO 6,17 2,12 
(iii) 0,8 6,13 3,17 4, 7 11,14 1,12 2,lO 9,16 5,15 
(iv) 1,9 7,12 2,16 3,ll 8,17 4,14 5, 6 lo,15 0,13 
(C) Consider finally the third holey parallel class P3 (in the original 3-frame) 
corresponding to hole HI. This class remains intact after performing the 
operation indicated by (B). We assume now that this operation has been 
performed and note that P3 together with the fkst holey l-factor (i) can be 
decomposed into three hoIey l-factors: 
(i)” 12,PS 6,14 7,22 9,23 11,15 l6,21 lo,19 17,20 8,13 
(ii)’ P6,23 8,19 !5,20 6,21 F,l2 13,22 lo,14 11,18 7,17 
(iii)’ 11,21 9,17 lo,13 L5,18 6,16 12,23 7,20 14,19 8,22 
Similarly the third holey class of each of the remaining Hi can be decomposed 
.along with the first holey l-factor corresponding to Hi after performing operation 
(B) 
. . 
H2 
(i)’ 1,21 15,23 3,113 f6,22 2,i3 4,i9 0,17 12,20 5,14 
(ii)’ 4,13 0,14 16,20 15,19 2,21 17,23 518 1,22 3,12 
( 111 . . . ), f&l9 5,22 2,17 3,2@ 4,15 14,18 1: 16 13,21 0,23 
H3 
(i)’ 0, 7 11,19 4,18 PO, 22 5,21 1,23 3, 9 6,X 2, 8 
(ii)’ 5, 8 1,20 3,10 7,21 2,18 l1,23 4, 6 9,19 0,22 
(iii)’ 9,21 2,23 6,22 3,19 5, 7 8,18 l9 11 4,20 0,lO 
H4 
(i)’ 0, 6 lo,12 3,i3 11,16 2,15 l,f7 4, 8 7,14 5, 9 
(ii)’ 2, 9 1,64 4,11 6,15 5,13 lo,17 3, 7 8,12 0,16 
(iii)’ 8,15 5,17 7,16 4,12 2, 6 9,13 1,lO 3,14 0,ll 
NOW suppose that we wish hole Hi to have degree di in the frame. If di = 3, we 
leave its three holey parallel classes of triples intact. If di = 4, we perform 
operation (A) (with respect o Hi). If di = 5, we perform operation (B), while if 
di = 6, we perform (B) and then (C). 
This completes the proof of Lemma 3.3. Cl 
We now establish a similar result for frames of t 
250 R. Rees 
e-a 3.4. Let dl, dz, d3, dd, ds be integers with 3 G di s 6, where di = 4 for at 
most 012e value of i. There exists a 2,3-frame of type 6’ with holes 
HI, U,, H3, AHd, fils such that hole Hi has degree dip 1~ i G 5. 
We follow the nzthods of Lemma 3.3. Where all di = 3 we take a 3-frame 
of type 65, obtained as in [gj: start with the affine plane of order 4 and remove a 
point to obtain a LO-GDB of group type 3’. Apply construction 2.1 giving each 
po!nt weight 2, and replacing each block by a 3-frame of type 24. We obtain the 
following frame. 
12,26,22 
13,27,23 
6,20,28 
HI = (0, 1,2,3,4,5) 
Hz = {6,7,8,9, 10, 11) 
7,21,29 
24,14,10 
25, 15,ll 
18, 8, 16 
19, 9, 17 
18,149 28 24,20, 16 
19, 15,29 2!5,21,17 
24, 8,22 18,26,10 
25, 9,23 19,27, 11 
6,26, 16 12, 8,28 
7,27, 17 13, 9,29 
12320, 10 6,14,22 
13,21, 11 7,15,23 
12, 18,24 26,14,20 22,28,16 
13, 19,25 27,15,21 23,29,17 
0,29,20 22, 2,25 2?, 18, 4 
1,28,21 23, 3,24 26,19, 5 
27, 2, 16 12,29, 4 a, 14,25 
26, 3,17 13,28, 5 1,15,24 
23, 14, 4 0,19,16 12, 2; 21 
22, 15, 5 1,18, 17 13, 3,20 
6,25, 18 
7,24,19 
0,22,27 
29, 2, 18 20,25, 4 
28, 3, 19 21,24, 5 
20, 8,27 29,22, 10 
21, 9,26 28,23,11 
0,24, 11 7, 2,26 
1,25, 10 6, 3,) 27 
7322, 4 0, 9, 18 
6,23, 5 1, 8, 19 
H3 = {12,13,14,15,16,17} 1,23,26 
28, 9, 4 
29, 8, 5 
20, 2, 11 
21, 3, 10 
15, 2,28 
14, 3,29 
24, 6, 13 
= {18,19,20,21,22,23} ;;’ 2; ‘: 
5 F 
IO, 27, 5 
0, 17, 8 
1, 16, 9 
24, 17, 4 0,26,13 
25, 16, 5 1,27, 12 
15,26, 8 10, 17,28 
14927, 9 11, 16,29 
0, as28 24, 2, 9 
1, 6,29 25, 3, 8 
10, 2, 13 15, 6, 4 
11, 3, 12 14, 7, 5 
Frmnes and the g@‘(v) problem 251 
16,21, 4 8,21,14 19, 2, 14 
17,20, 5 9,20, 15 18, 3, 15 
19,12, 6 0, 12,23 16,10,23 
I& =‘c (24,25,26,27,28,29} 18,13, 7 1, 13,22 17, 11,22 
8, 2,23 19,10, 4 0,21, 6 
9, 3,22 18,11, 5 120, 7 
0, 10,15 17, 2, 6 8,13, 4 
1, 11,14 16, 3, 7 9,12, 5 
(A) The three holey parallel cllasses with respect o hole HI can be decomposed 
and rearranged into four classes: 
18, 8,28 18,14,10 22, 6 6,14 
19, 929 19,15,11 23, 7 7,lS 
24,14,22 24, 8,16 26,10 lo,24 
25,15,23 25, 9,17 27,ll 11,25 
6,26,16 12,26,22 14,28 28,12 
7,27,17 13,27,23 15,29 - 29,13 
12,20,10 6,20,28 24,20 20,16 
13,21,11 7,21,29 25.21 
12; 8 
21,17 
8,22 
13, 9 923 
16,18 18,26 
17,19 19,27 
(B) Consider the fhst two holey parallel classes with respect o Hi (in the original 
3-frame). Breaking each triple into its const&ent pairs and rearranging, we can 
replace these two classes by four new classes: 
HI 
(i) 26,22 6,16 24, 8 27,23 7,17 25, 9 
20,28 12,lO 18,14 21,29 13,ll 19,lS 
(ii) 8,16 24,22 6,2-6 9,17 25,23 7,27 
14, PO 18,28 12,20 15,ll 19,29 13,21 
(iii) 1428 24,10 6,20 15,29 25,ll 7,21 
8,22 18,16 12,26 9,23 19,17 13,27 
(iv) lo,20 6,28 24,14 21,ll 7,29 25,lS 
26,16 12,22 18, 8 27,17 13,23 19, 9 
H2 
(i) 18,24 1,17 23, 3 19,25 0,16 22, 2 
29,20 12, 4 26,14 28,21 13, 5 27,lS 
(ii) 3,17 23,24 1,18 2,16 22,25 O,l9 
14, 4 26,20 12,29 15, 5 27,21 13,28 
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(iii) 14,20 23, 4 0,29 15,21 22, 5 1,28 
2,25 27,16 13,19 3,24 26,17 12,18 
(ivj 29, 4 0,20 23,14 28, 5 1,21 22,15 
19,16 13,25 27, 2 18,17 12,24 26, 3 
& 
(i) 2518 1,lO 29, 2 24,19 0,ll 28, 3 
22,27 7, 4 20, 8 23,26 6, 5 21, 9 
(ii) 9, 4 21,26 7,22 8, 5 20,27 6,23 
2,11 29,18 0,24 3,10 28,19 1,25 
(iii) 2,18 20,ll 6,25 3,19 21,lO 7,24 
8,27 29, 5 0,22 9,26 28, 4 1,23 
(iv) 24,11 7519 20, 2 25,lO 6,18 21, 3 
22, 4 0,27 28, 9 23, 5 I,26 29, 8 
H4 
( i) 228 lo,13 0, 7 3,29 11, i2 1, 6 
26, 9 X,17 15, 8 27, 5 14, 9 25,16 
(ii) 6,13 1,29 10, 2 7,12 0,28 11, 3 
17, 8 24, 4 15,26 16, 9 25, 5 14,27 
(iii) 17, 4 0, 8 11,26 16, 5 1, 9 lo,27 
7,28 25,12 15, 2 6,29 24,13 14, 3 
(iv) 26, 8 11, 4 0,17 27, 9 10, 5 1,16 
2,13 1528 24, 6 3,12 14,29 25, 7 
& 
(i) 21, 4 8,14 19,lO 20, 5 9,lS 18,ll 
12, 6 0,23 17, 2 13, 7 1,22 16, 3 
(ii) lo,15 19, 4 9920 11914 18, 5 8326 
2,23 17, 6 0,12 3,22 16, 7 1,13 
(iii) 21,24 16, 4 1,ll 20,15 17, 5 0,lO 
12,23 19, 6 8, 2 13,22 18, 7 9, 3 
(iv) 10, 4 0,15 16,21 11, 5 1,14 17,20 
2, 6 8,23 19,12 3, 7 9,22 18,13 
) Consider now the third holey parallel class corresponding to each H;: in the 
3-frame, which remains intact after performing the operation indicated in (B). In 
a manner analogous to that seen in the proof of Lemma 3.3 (observation (C)) we 
can decompose this holey parallel class together with the first holey l-factor 
corresponding to Hj after performing (B): 
(ij’ 26,22 24, 8 7,17 13,ll 18,lO 6,14 20,16 l&28 
15,23 25,21 9,29 19,27 
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(ii)’ 6,16 25, 9 12,lO 19,15 14,22 24,20 21,17 13,29 
8,28 18,26 27,ll 7,23 
(iii)’ 27,23 20,28 l&l4 21,29 19,ll 7,15 24,16 12, 8 
26,10 6,22 25,17 13, 9 
Hz 
(i)’ 18,24 23, 3 19,25 22, 2 27, 4 1,15 29,17 13,20 
26, 5 0,14 28,16 12,21 
(ii)’ 1,17 0,16 12, 4 13, 5 15,24 23,29 14,25 22,28 
2,21. 27,lS 3,20 26,19 
(iii)’ 29,20 26,14 28,21 27,lS 23,17 13, 3 19, 5 0,25 
22,16 12, 2 18, 4 1,24 
& 
(i)’ 2518 29, 2 24,19 28, 3 20, 4 0, 9 2210 7,26 
21, 5 1, 8 23,11 6,27 
(ii)’ 1,lO 0,ll 7, 4 6, 5 8,19 29,22 9,lS 28,23 
2,26 20,25 3,27 21,24 
(iii)’ 22,27 20, 8 23,26 21, 9 29,10 6, 3 25, 4 1,19 
28,11 7, 2 24, 5 0,lS 
H4 
(i)’ 2,28 0, 7 1, 6 2516 24, 9 lo,17 26,13 14, 5 
27,12 15, 4 3, 8 11,29 
(ii)’ lo,13 11,12 15, 8 14, 9 17,28 0,26 16,29 1,27 
6, 4 25, 3 7, 5 24, 2 
(iii)’ 3,29 26, 4 24,17 27, 5 25, 8 11,16 0,13 15, 6 
2, 9 10,28 1,12 14, 7 
Hs 
(i)’ 21, 4 19,lO 20, 5 18,ll 0, 6 8,13 2,14 *G, 23 
1, 7 9,12 3,15 17,22 
(ii)’ 8,14 12, 6 1,22 16, 3 13, 4 19, 2 9, 5 OS21 
20, 5’ 17,ll 10,23 :q 15 
(iii)’ 9,15 0,23 17, 2 13, 7 12, 5 18, 3 21, 6 16,lO 
11,22 19,14 8, 4 1,20 
Thus, if we wi& hole Hi to have degree u&, we proceed as follows. If di = 3 we 
leave the three holey parallel classes of triples corresponding to Hi intact. If di = 4 
(where w.1.o.g. i = 1) we perform operation (A). If di = 5 we perform ( 
di = 6 we perform (B) and then (C). 
This completes the proof of Lemma 3.4. 0 
are ready now to use Construction 2.1 to pro 
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“l’&eumm 3.5. Let (X, G, B) be a 4,5-GDD of type g&g* 9 q$ and let 
{d,, dz> l l a 9 dIGI} be any sequence of integers with 3 lGil s di ~6 IGil and 
di = 3 1 Gil + 1 for at most one value of i, i = 1, . . . , I G I. There exists a 2,3-frame 
of type (6g#(6gz)‘s. * 0 (6g)‘i in which the ith hole has degree di, i = 1, . . . F ICI. 
f, We apply Construction 2.1, giving each point weight 6. The degree 
function is deterr*ined as follows. If di = 3 IGil + 1 and Gi = (~1, . . . , ok) thenset 
d(xl) = 4 and d(A) = 3, 2 s j s k. If di # 3 IGil + 1 and Gi = {XI, . . . , ok) theii let 
49 . . . , nk be any sequence of integers chosen (with repetition allowed) from the 
set {3,5,6} satisfying nl + l l l + nk = die Define d(xj) = ni, 16 j s k. The re- 
quired ‘input frames’ are given by Lemmas 3.3 and 3.4. E 
CoroIIary 3.6. Let t = 1 mod 3, t 3 4 and Q s r s 4(t - 1)/3. Let {d,, . . . , dr, d,} 
be a sequence of integers with 12 s di s 24 for 1 s i s t and 3r s d, s 6r, so that if 
d= = 3r + 1 then di # 13 while if d, + 3r + 1 tier di = 13 for at most one value of i. 
Then there ai& a 2,3$ame of type 24’(6r)l in which the ith hole of size 24 has 
degree di and the hole of size 6r has degree d-. 
Proof. Apply Theorem 3.5 to the GDD’s of Corollary 3.2. 0 
The particular class of frames developed by Corollary 3.6 will prove to be 
remarkably useful, primarily because ach frame in the class has the property that 
all but one of its holes has the same size, 24, and this number is an invariant of 
the class. This allows us to use Construction 2.2A to build large numbers of 
restricted resolvable designs tarting with a few small ones while at the same time 
avoiding ‘inductive-type’ constructions (which would occur if say we had used 
resolvable transversal designs to construct he ‘starter’ GDD’s to which Theorem 
3.5 is applied). 
In this section we give some examples of how Construction 2.2A may be used 
to build restricted resolvable designs. 
Let p=6s+3, s e {I, 2,3,5,6,7, . . . , 15,21,22, . . . , 
2’7,37,38,39}.’ There exists an R,RP@, (p + 1) /2). 
Take a Kirkman Triple System on 9 points (i.e. an R,RP(9,4)) (it is 
well known that there exist KTS(v) if and only if v = 3 mod 69 see [I] or [2]) and 
1 of [7] (essentially a ‘tripling’ construction) to obtain an 
ow if s $ (1, . . . ,15, 21, . . . ,27, 37, 38, 39) we can write 
s=bt+ where tElmod3, ta4 and Wr<l(t- I)/3 (e.g. let r be the least 
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residue of s - 4 mod 12) Take the sequence {d,, . . . , & d,} where dI = 13, 
di=l2 for 2sistand &= 3r. From Corollary 3.6 there is a 2,3_ftame of type 
24’(6r)’ in which the ith hole Hi of size 24 has degree di and the hole H= of size 6r 
has degree d,. Add three ‘ideal’ points to this frame. 
We now apply Construction 2.2A with w = 3 and d = 1. We have the required 
‘input’ designs: a resolvable pBD({2,3}, 13; 27) with a hole of sixe 3 and degree 
1, and a resolvable PBD({2,3}, 12; 27) with a hole of size 3 and degree 1 (these 
designs are, respectively, an R2RP(27, 14) and R2RF(27, 13) (KTS(27)); in 
each case just take one of the triples as the ‘hole’), and an RzRP(6r +3, 
3r + l)(RTS(6r + 3jj. 
Our R2RP(p, (p + 9129 is obtained by ‘Ming’ hole HI (together with the three 
ideal points, which form the hole) with the first input design, each of holes*Hz 
through Ht with a copy of the second, and hole !& with the third. 0 
It may of course happen that for a given choice of v and k the bound of 
Theorem 1.1 is not integral which of course will mean that the indicated 
RrRP(v -k, k) does not exist. When r = 2 it is shown in f4l that in these cases 
the optimal arrangement is o adjoin a block of size k to an%lRP(v - k, k), that 
is, a painvise balanced esign on v - k points atisfying 
(i) each block has size 1,2,3 or 4 and there are at most wo F.&s of size 1 or 
4, and 
(ii) the blocks can be resolved into k parallel classes. 
The number of blocks in such an arrangement is given by the expression i  
Theorem 1.1, amended with least integer brackets. 
Our frames may be used to construct these more general designs: 
Lemma 4.2. Let p=ti+2, s $ {1,2,3,5,6,7, . . . , ii i&22, . . . ) 
27,37,38,39}. There exists an R,*RP(p, (p/2) + 11). 
Proof. An RqRB(26,24) is given in [4]. Now proceed as in Lemma 4. I, writing 
s = 4t -!- P, and taking &e degree sequence (clI, . . . , d#, dLD} where dl = 23, 
dii=12 for 2GiGt and d, = 3r. Use Corollary 3.6 to construct the appropriate 
frame, and add two ‘ideal’ points. 
Apply Construction 2.2 with W’= 2 and d = I. We will use as our ‘input’ designs 
the following: 
(i) an R%RP(26,24)- viewed as a resolvable pBD((l,2,3,4}, 23; 26) with a 
hole of size 2 and degree 1(there is a block of size 2 in an R,*RP(26,24 j 
make it the hole), 
(ii) an R2RP(26, 13) (obtained by removing a point from a KTS(27) jviewed 
as a resolvable PBD( {2,3), 12; 26) with a hole of size 2 and degree 1, and 
(iii) an RzRP(6r + 2,3r + 1) (obtained by removing a point from a 
MTS(6r + 3)). 
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Iiaie HI in the frame is Neci with the first input design, each of holes Hz 
through Ht with a copy of the second, and hole Hm with the third. Note that the 
design obtained still contains at most two blocks of size 1 or 4, so that we have an 
R,*RP(p, (p/2) + il) as desired. Cl 
The teclmiques developed here will play a central role in solving the g@)(v) 
problem where m + 1 G v G 3k. Indeed w-e shall prove in a series of forthcoming 
papers ([5] and [6]) that the necessz3- zonditions on the existence of. designs 
RzRP(p, k) (this class includes restricted resolvable designs) are sticient in all 
but Gnitely many cases (e.g. whenever p 2 98). 
It is expected that 5ames will play an equally important role in the study of the 
existence of reshicted resolvable designs for vahres of r greater than 2. 
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